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2.1 Jordan Wigner transformation

Definition 2.1.1 (Jordan Wigner Transformation)

k<j
T % 1 aF
¢ = H_Uk 5%
k<j
S
n; = cjc; = Q(Jj + 1)

tV model can be viewed as an equivalent XXZ model.

Definition 2.1.2 (tV model)

H— —tZ(C}CjH 4L h.c.) + Vznjnj-i-l
7 J

2.1.1 Hopping term

2.1.2 Interaction term

(05 + 1) (o1 +1)

perform summation

annjﬂ = 1<ZJ§U§+1 +2ZJJZ~—I—L>
J J J

(05051 + 05 + 05 +1)
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Definition 2.1.3 let

Thus the mapped system becomes
H=—tY (57871 +5787) +V Y SiSia+V) 55
J J j
=2t Z(SijH +5YS%,) + VZ SiSi +V Z Sz
j J J

which is typically a XXZ model with magnetic field in z direction.
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3.1 ETH FETH & FP

3.1.1 Statistics

equilibrium: find const and do Gibbs Statistics

Problem. How to formulate non-equilibrium Statistics in a closed system without external bath?
Aside from the non-equilibrium case, quantum case is subtle enough.

In a quantum phase space, there is no real notion of trajectory.

We would talk about closed system, however without external bath, how can we define equilibrium?

3.1.1.1 Quantum Quench System
Holtbg) = 0,Hy — H(2)

[9(t)) = exp(—iHt)|1) (8)
Problem. For t — o0, can this be equivalent to Gibbs ensemble?

such that
E = (4{H}i) =  tr(exp(~BH)H) 9)
where 8 = ((F) is function of £

C] Remark

Rabi oscillation without bath coupling would not thermalize.

this can only holds for local observables O, since the whole system is pure. it can only be locally viewed
as a thermal ensemble.

D Remark

The large fraction of pure state could serve as the bath for small subsystem.

D Remark

eigen state should be always thermalized.

3.1.1.2 Expectation value

We assume no accidental degeneracy.

(AW) = leil Ay + ) ciejexp(i(B; — Ej)t) Ay (10)
i i
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we hope
lim <A(t)>BE = (A)ur (11)

for local observables.
00 T o § % i1

3.1.1.2.1 Random Matrix Theory (RMT)

3.1.1.2.1.1 Wigner Matrix

p(H) = H f(Hii)g(Hij) (13)

This is not rotational invariant.
3.1.1.2.1.2 Rotation invariance

p(H) = p(UHU) (14)
where U is any unitary matrix.

3.1.1.2.1.3 Intersection of above two

1
p(H) = exp(—itrfp) (15)
Can check this is both WM and RIL
Interestingly,
p(H) = exp(—ptr H) (16)
is also both WM and RI.
3.1.1.2.1.4 Haar Random
+ 1
U- U/-/> :*5/5 ’ 17
< (104 o' D X3 oo ( )

I’'m too lazy to type higher moments.

3.1.1.3 Back to Expectation value

If H is RMT, we can average A;; in the random matrix ensemble. (4;;) =~ A—D“, where A is diago-
nalizedin A =3 A, |a){c|

Thus (A,;,) is independent of .
A
Al = Sl A = 392 = (A (18)

This is too strong, since the thermal state forgets all information from the initial state.

3.1.2 ETH

Definition 3.1.1
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(4;) = A(E;), <A121> = A2(Ei)
(|A517) = eS| f4 (B, w)P?

7

(19)

E+E

where E* = =5, w = E, — E}, f, is smooth function of £, w, and e3(F") is somehow the

dimension of local Hilbert space at energy E.

Now that,

(A) = lel*A(E;) + 0(D7) (20)

(2

3.1.3 Full ETH (FETH)
3.1.4 Free Probability (FP)
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4.1 MACD #5FRfaift

MACD (Moving Average Convergence Divergence), X5 9-ig TR 54k, H TR
EEHSEIE, Ji1, shEMFEEL,

MACD

Daily Chan - Nasdaq 100 ETF (QQQQ)

|
MACD Histogram When 12-period EMA crosses '
MACD minus over (below) 26-period EMA. MACD
the MACD Signal Line ~ crosses over (below) Zero Line 1)

MACD Signal Line
* G-period EMA
12-period EMA minus of the MACD
26-period EMA

4.1.1 MACD &#HRIB5

MACD FH =320 % :

1. DIF £k (Hgk, HZR): XN B Rk

2. DEA £k (1B%k, #Zk): NN NEE

3. MACD #E (ZL4%4E): Mt DIF £ DEA £k [ 22 EE

0 Bh:PEIEI SRR, o Bl LT NSk (BRES), o B RUTONARSkIT (858,

4.1.2 R
M

4.1.3 BOHE
DIF #1 DEA HIIX A& H] Wi B i & 56 B RIS 2 K HH IR R A OS5
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4.13.11. 48X

« MI%: DIFZk (Ph£k) B RM_LZEd DEA 28 (1B4k).
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o« GBI A

» VI NEX: BEEERMES, T —ErKkE, HHEHE,
» 0 LS BT B LEKNFARES, ATREEES,
4.13.2 2. 36X

« BI%R: DIFZk (Phek) H LM RZEd DEA 28 (184%),

« BN EHAZREss TR HEAZhRE, BT RTRE R K,

o« GBI AT

» 0 HEEX: EEZEBEFES, T —ErkEE, JEHE,
» 0T REX: BT SR RN AES, rTEEE S,
4.1.3.3 3. 0 R X

« oM ETT 23k, BT EBIRA,
0BT B3k, BT IR,

4134 4. 5% BESEMHHD

« % B ERS MACD FERE S PR R,

o FX ATREFIURE B B I #E o

o 2T

» TR RO, H MACD RAEE, AIREFURIRH S,
» Z3SLTEES: RO, {H MACD ROIETE, FIREWURIEMTEIE,

4.1.4 MACD SRS

L W=4

1. FREMEGE: W pER T2 ARSI s, FUE KDJ FEhREERE,

2. MR AREIE S FRAIN A K EIR A T T,

3. HEESHER: ERETEMERRER, TEESSENENRS,

7=

1. WEYE: BT RETEIEYLITE, MACD MRS LI RV EE, Rl aEEE I A LSt
o

2. EHTERIAEIR: fEEZTH, MACD FJRESIME R HEHRES, S5,
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Reading arXiv:2412.05367v2
@OS0O

Magic in Fermionic System © 2025 by Xuanzhe Xia is licensed under CC BY-NC-SA 4.0.

5.1 What is Magic?

I would like to put things short. Magic, in the context of quantum computation, is to describe how
far a quantum system is from a stablizer state, and stablizer state is a state that can be prepared by
Clifford gates.

However, this definition seems untractable for me to extend to Fermionic systems. As stated in the main
paper, Free Fermionic states(Fermion Gaussian States) are classically simulatable and thus not magic. If
this is the starting point, then it seems to me that the word “magic” is abused.

From now on I would like to state that we are trying to understand the non-Gaussian-ness of a
Fermionic state

12
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Many Body Theory

This is a study note of many body theory. Topics will be selected out

of my own interest. E#ERTS% (PF) FHIF-REMEIMATHF L,
T2 R A ﬁﬁﬂ]?ﬁu)\@:“ﬂ%ttiﬁc [k, RERNARFIB LR,

It’s better to understand than to record.
©@O®90

Many Body Theory © 2025 by Xuanzhe Xia is licensed under CC BY-NC-SA 4.0.

6.1 Jellium Model

Problem. Jellium model is a 3-dimensional electron gas with a uniform background of positive charge.
The Hamiltonian is given by

H = Hel + Hbg + Hint

N 2 "rl T ‘
P. e e M i
H, = —
ol Z om 2 Z 7y — 77|
=1 1,] ? J
s 2 |2 — 2|
N 7\ o= B E—T]
Hy ==Y [ [wae s
— |7 — 77|
=1 7
where we take the column interaction as the Yukawa form
e Hr
Vi(r) = — n> 0 (22)

in order to avoid the divergence of the interaction at the origin. When ;1 = 0, it becomes the Coulomb
interaction.

Assuming that the positive charge density is uniform, and have the same total charge as the electrons,
we have

. N
n(z) = v (23)

The Yukawa interaction of background positive charge can be integrated out, and we have

>/

e2 (N2 . q,e*"m*x |
Hbg = 2<V) /dSZE dsl' W

e2 (N2 e kKT
= | = A7r2 24
5 (V) V/ mre dr " (24)

Similarly,

13
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N2 4x
Hyy = _627E (25)
where
D Remark
Hint = 72Hbg (26)

The H term is better written in the second quantization, since it contains the kinetic energy term.

k. 1 t T
Hel - Z %Ckackcf - 5 Z Ck+qo €k’ —qo’ Ok’ o’ Chor (27>
kg k7k/7q7o—7o—/

The fourier transform of Yukawa potential is well-known as

A €2

Vig) = Vm (28)

The most annoying part is when g = 0, the potential diverges. However it is shown to be cancelled by
the background energy and the interaction energy. Since

47

oot
Hyini(qg=0) = 22V Z CloCl/ o’ Ck/ o’ Chior (29)
H k,k' 0,0’
By the anti-commutation relation, we have
Ame? Tt
Hel—int (q = O) = 9, 927/ Z Ckack/o" CroCl/ o’
2'“ 4 k,k’ 0,0’
Ame? t "
= - 252V Cro <5k,k' 50,0’ - Ckack/a'>ck’a/ (30)
H k,k’ 0,07
4 2
= — 5 (N = N?)
212V

D Remark

In thermodynamics limit, only N2 term survives, and it cancels the H,, and H; term. This is also
why we introduce the background charge density.

Thus Equation 27 is reduced to
Corollary 6.1.0.1

K%+ 1 dre® + 4
H, = E 5 CkoChko T 517 5 ChtqoCk'—qo’ Ck/ o’ Ck (31)
—qo g ag
ko 2m 2V k,k’,q#0,0,0’ q

We can see the physics by making momentum dimensionless. The typical length is the Bohr radius

% (Gaussian unit) . Define %777“8 = %, o as the average distance between electrons. Typically,

T .
for metals, r, = _® is around 2-6.
0

CLOZ

14
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Let V = Vry® and k = kr, then
2

e k2 1 T am + T
Hel = 2172 (Z %CEGCEU += Z ?CE+§UCE/760’CE/U/CEU (32)
0's ko kK’ ,g#0,0,0’

<

Ry = % is the Rydberg energy as the energy scale of system.

(7 Remark
When 7, > 1, perturbation theory is unfeasible. We can think that the electron is well-separated.

Maybe a Wigner crystal is formed.

6.1.1 Perturbation Calculation: Fock energy

The non-interacting ground state is a Fermi sea |F').

3
E) = cNEp (33)

By pertubation theory, the ground state energy is

Eg = ES + <F|He1—int|F> (34)

H ;.. can be decomposed by Wick’s theorem.

e

Theorem 6.1.1 Wick’s theorem

G(1,2,3, .0, 1,2,3,..on) = 3 (=1)PG(P(1),1)G(P(2),2)..G(P(n’),n) (35)
P

Then we have

1 dre?
<F‘Hel—int|F> = 5 Z 2
kK 0,00 4 (36)

(104,00(kp — KOk — |K'[) = 85 510y g w0k — |k + a))0(kp — |K])

Definition 6.1.2

The first term is called the direct term or Hartree term, and the second term is called the exchange
term or Fock term.

In our context, Hartree term is cancelled. Only Fock term survives and contributes a negative energy
shift.

This two terms can also be drawn in the Feynman diagrams.

15
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k' o’ ko
V(g=0) §
Q k+gq,0
k,o
Hartree term Fock term

D Remark

Different from the calculation of scattering amplitude in high energy physics, in condensed matter
physics, we are more interested in the vacuum diagrams. The above two diagrams are all vacuum
diagrams.

We can calculate the Fock term

4e?V 1
FlH,  |F)=—"¢" [ - 3K 0(kp — |K|)——
(Pl ) = G [ ahothe =) [ K005 — )=
Are?V [Fr br ! 1
= —— 4mk? dk 21k’? dk’ dcosf
(2m)° /0 " /0 " /_ R T 22k cos
4me?V  [FF ke 1 |k — k| (37)
=— 5 / 4k dk/ 21k’? dk/ <— ,> In -
@2m)s J, ; k') k- K|
4 2 kF kF _ 17
_ dme GV/ 47rk:dk/ 2k Ak I E P
(2m)¢ J, 0 |k + k|
Problem.
b |k — K]
2k’ dk’ 1 =7 38
/0 S 2y (38)
k ’ k ’ k ’
r Ik — K| / k—k / " K~k
2k’ k' 1 — [ 2nk dk'1 2mk! dk/ In 7——
/0 k' dk n|k+k’| i k' dk nkz—l—k’+ i k' dk R (39)
With the analytical form
2
/daxv In(z —a) = —% - % - %az In(a —z) + %xz In(—a + ) (40)

Write down all terms including the divergent part, hopefully they cancel out.

16
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k
ol k=K 1, k—k
27r[<kk 51{ lnk+k’+§k lnk+k’>0+
k
1. K—k 1 K —k\ |
k' — —k21 SK21
( 2 w2 nk+k’> ]
g (41)
1. kp—k 1 k—k
=27 |kky — =k2In L = E
7{ L Ty M A Ty

2 1.2 .
:—27rkk:F[1+kF K e k']

%k kg + K|

Hence we have

dme? ke K2 — k2 k. —k
F|H,. F:—227r27mv Kkpdk|1+ -£ 1n’F |
el-int F
0

(2m)6 2kpk |kp + k|
1 (42)
4me?V 1—2? [1—x
= —2(2m)2 ——k} Zdz |1 1
( 7T) (271')6 F/O T il?( + o0 I1|1+$|
where
/1 2qp (14 1o g Lo} 1 (43)
o 2r  |l+a|) 2
Thus
Are?V o, 1 3e? e2 N
Epoex = —2(27)? k}p-=—-"—Nkp=—-0916_—— 44
Fock ( 7T) (27T>6 F2 A F 0.9 62a0 T, ( )
Which means the energy of 3d jellium electron gas is
Corollary 6.1.2.1
E e? (221 0916
E=_-9_ - (=22 _ 4
N 2a0( 72 Ty ) (45)

Note that with the assumption 7, < 1, the perturbation is valid.

D Remark

The calculation of jellium model gives us a good approximation approach - if your system is not
too far from the jellium model, you can ignore the Hartree self energy term. This concept leads to
the RPA (Random Phase Approximation) method.

6.1.2 Wigner Crystal

Definition 6.1.3 Wigner crystal

If electron density is less than a critical value, the jellium model electron gas will crystallize into

a Wigner crystal.

17
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Since I'm more familiar with Mott insulator, it seems that the Wigner crystal has much similarity
with Mott insulator. They both form when the potential energy dominates the kinetic energy and
have strong localization of electrons. However, their context differs. While Wigner crystal forms in
continuous space, Mott insulator lives on a lattice system. The Mott physics only have short range
interaction, while the Wigner crystal has long range interaction (in Hartree-Fock level, we didn’t cut
off the long range interaction).

Problem. What is the difference between the Wigner crystal and the Mott insulator?

I cannot currently have a good picture of the Wigner crystal. In Mott insulator with short range inter-
action, if we perturb one electron (e.g. slightly shift its position), only the nearest neighbor electrons
feel that and thus the perturbation is local and screened.

With some kind help from zhihu, now I would think Wigner crystal as isolated oscillating electrons,
while Mott insulator is a system electrons still having strong correlations. Part of the reason is Mott
insulator may still have the spin degree of freedom, while we would not say a Wigner crystal is
“ferromagnetic” or something.

However, with long rang interaction, I would possibly expect many local minima around the Wigner
crystal. This sense comes from the experience of thinking the Thompson Problem.

Definition 6.1.4 Thompson Problem

The Thompson problem is a problem of finding the minimum energy configuration of electrons
on a sphere.

As far as I know, few configurations are known to have determined lowest energy.

Problem. Is Wigner crystal stable?

If Wigner crystal has many local minima, it is unlikely to survive disorder and quantum fluctuation.
Also, the discussion of transportation is hard, since the configuration will vary with time.

A friend has told me since it’s quite easy to compute the Wigner crystal by numerics, it’s unlikely to
have many local minima. Maybe return to this question if some day I have the chance to calculate it.

However, if the Wigner crystal is stable, it is a good candidate for the metal-insulator transition.
6.1.3 CDW and SDW

If the electron density can be written as

ny (1) = g+Acos<Q . F)

ny (1) = g +ACOS(Q . T"—i—go)

Then the system can form a ground state different from the magnetic etc. ones.

Definition 6.1.5 Charge Density Wave

if o = 0, the spin density S*") = n.(#) — n (#) = 0, the charge density n(¥) = n.(¥) + n(7) =
n+ 24 COS(Q . T") is periodic with wave vector (). We call this the Charge Density Wave.

Spin Density Wave

18
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If ¢ = 7, the spin density S*") = n4(7) —n (7) = 2A cos (Q . ﬂ) is periodic with wave vector Q,

—

the charge density n(7) = n.(7) + n|(7) = n is uniform. We call this the Spin Density Wave.

CDW breaks the translational symmetry, while SDW breaks the spin rotational symmetry and trans-
lational symmetry:.

Experimentally, CDW can be observed by X-ray diffraction, while SDW can be observed by neutron
diffraction.

6.1.4 Hartree-Fock Approximation (Mean Field Theory)

Definition 6.1.6 Hartree-Fock Approximation (Mean Field Theory)

If the operator has non-zero expectation value, we can assume the fluctuation is small and
decompose the two operators into the mean field and the fluctuation.

AB ~ (A)B + (B)A — (A)(B) (47)

Revisit Equation 31, we can decouple the 4 operator terms into 2 terms. Possible decomposition is

<Cli+qacli’fqa/ > (48)
<Clt+qack:’0'/> (49>
<cl-£+qacka> (50)

Equation 48 is actually the electron pairing term. This mean field approximation is called the Hartree-
Fock-Bogoliubov Approximation. Equation 50 and Equation 49 are the Hartree term and the Fock term
we have discussed before.

C] Remark

Key Observation: By this Hamiltonian decomposition, we can achieve the same results from the
perturbation theory

Problem. Why the Hartree-Fock-Bogoliubov Approximation can’t be achieved by the perturbation
theory?

That’s because we use the Fermi sea as the reference state. The Fermi sea without instability can’t
excite the electron pairing term.

By Fock term, the interaction is now quadratic, and we can solve it exactly.

4me <T > t
em 'oCk’ o CroClo 51
- Vz(“, etve) )l o)

k,k’

Thus the Hamiltonian of electron gas is now

]€2 1 47['62 t
H, = — — = 7<c 15C /U> cToc o 92
! ;(2771 Vi k=Kt )’“ * )
Thus the single electron energy is
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)= 2 2€2kFF<k> (53)

- 2m s kp

where F(x) = % + IZ;CQ lan—i‘. This is consistent with the result from perturbation theory Equa-
tion 44.

The velocity is

e (k)
ok

kg 2¢2

m ™

F'(1) (54)

v =

k=kp

But F(1) diverges, leading to the un-physical result of infinite Fermi velocity.

I:I Remark

The Fermi velocity tells us how electrons near Fermi surface move. The infinite Fermi velocity is
due to the unscreened long range Coulomb interaction.

6.1.5 Thomas-Fermi Approximation

Thomas-Fermi Approximation is a semi-classical one. It considers high density (r, < 1) limit, thus the
electron density is classical n(Z). The key difficulty in solving the jellium model is the kinetic energy
term. It is because of the existing of kinetic energy term that we need to do all things in momentum
space. If we can treat the kinetic energy term as a functional of n(%), we can solve the problem in
real space.

The Thomas-Fermi Approximation states, we can regard the kinetic energy term as the strong degen-
erate non-interacting electron gas, where

2
3

Treln(@) = [ @200 (55)
Thus
Eppln(z)] = C(n(x)): — Ze2 /d3:c‘w1‘n(m) + % /d?’m d3x’7m (56)

with the constraint of the total number of electrons, add a Lagrange multiplier.

Lin(@)] = Bypln(@)] = ( [ @anta) - N) (57)

Wl

@] _ s E [ @)
on(x) 0= ol Z|90|+ /d w—a] " (58)

Definition 6.1.7 The effective potential is

p(x) = Cn(z)3 (59)
e? n(x’
ole) = 25— /d%'@(_ma?,‘ +u (60)

Take divergence on both sides, we have
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V2p(x) = dne?(n(x) — Z6(x)) (61)

Thus we have the Thomas-Fermi equation

Definition 6.1.8 The Thomas-Fermi equation is

V2p(z) = dre? ((“’(C‘”)) - Zd(w)) (62)

6.1.6 Screen Long Range Coulomb Interaction

Thomas Fermi Approximation tells us that the interacting system at high density can be treated as
a non-interacting system with an effective potential. This effective potential will affect the density
of electron gas at first order. Generally, we can iteratively apply the perturbation until the density
converges. There’s also another approach from linear response theory to treat it.

Decompose the density into summation of occupation in k space.
p(Z) = —ef(ey) (63)

where ¢, = ﬁ;:f —ep(x)

Define

The density is now
pla) = —eny (i + cd(@)) (65)

The “induced” density (or say perturbated) is

prtieed(a) = —e[ng(u + ed(x)) — ng (1))

Remember the linear response theory in real space,
(@) = [ dw'e(a —ap(a) (67)

Do the Fourier transform,

¢*'(q) = e(q)p(q) (68)
Generally we have
pre(q) = Xo(q)9(a) (69)
Fourier transform the Possion equation,
¢*(¢(q) — 9™ (q)) = dme?pt(q) (70)

Thus we have

21



2025-11-16 — Many Body Theory

Corollary 6.1.8.1

elq)=1— ‘:;xc@ (71)

This can be directly achieved by the linear response theory.

Back to Equation 66, we have

on
20N
- _ 72
Xe(q) € N (72)
which leads to a non-trivial permissivity.
4m 4me? Ony
(q) q2 Xc(q) qQ aﬂ ( )
Definition 6.1.9 Thomas-Fermi wave vector is
4me? On
2 _ 0
ke = o (74)
This non-trivial permissivity leads to the screening of long range Coulomb interaction.
q ArQ
6(g) = ¢ —L = 75
(@) e(@) ¢+ kip (75)

This is the Yukawa potential, which screens the long range Coulomb interaction. Because Thomas-
Fermi wave vector is approximately same order of k. So the typical screening length is the same order

of distance between electrons.

C] Remark

The Thomas-Fermi wave vector is proportional to the DOS at Fermi surface. If we have large DOS
at Fermi surface (e.g. flat band), the screening length is short. If the DOS is small, or even zero like
at the Dirac point, the screening length is long.

6.1.7 Lindhard Function (RPA)

We can treat the —e¢ () as an perturbation

The wave function |k) = Lve“”” after first order perturbation is
K| —eo(x)|k)
k') = |k) + < |k") (76)
| > ; Ek - gk/
where (k'|—e¢(x)|k) = —Go(k — k')
The induced density is
2 i(k—k')-x
induced — _i € k—k
priveed(e) = — ,; few) o—g ok — k) (77)

22



2025-11-16 — Many Body Theory

6.2 QFT at T = 0
I will try to follow AGD in this chapter, see how far I can go!

6.2.1 Interaction picture

If we can divide the Hamiltonian as

H = H, + H,

int

(78)

where H|, is some Hamiltonian that is relevantly easier to deal with (e.g. the free part), H, , contains
all the interaction part.

Definition 6.2.1 unofficial definition

Interaction picture says that the state 1)) evolves with H;, and the operator evolves with H,.

Under interaction picture we have

(1)) = Hi (Dl (1) (79)
200 _ o), ) (50)

The schrodinger equation under interaction picture Equation 79 can be solved perturbatively. From
now on we emit the I subscript for simplicity.

We write out [¢)(t)) as a series:

[W(1)) = [¥0(t)) + |1 (1)) + [¢2 (1)) + .. (81)
Suppose we know some [)(t)) at t = t, in zeroth order where H,, = 0, we have
[¥0(t0)) = [¥(to)) (82)
The first order perturbation is
W' (to)) = —i /t t dt’ Hyy (t)[4° () (83)

0

Similarly, the second order perturbation is

[0 (to)) = —i / At H, ()| (1)) = — / dt, Hy (1) / Lty () [0(t) (84)

to to 0

[ (1)) = —i / at’ Hy, ()7 (t) (5)

0
Definition 6.2.2 The series is called the Dyson series.

Rewrite Equation 81 as
[9(1)) = S(t: to) ¥ (to)) (86)

where
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n 1

t
S(t7t0) =1- Z/ di Hlnt( ) dtl dt Hmt ) 'Hint(tn)
to
t (87)
=1-— Z/ dt Hlllt( ) + . +/ Hint<t1) 1nt( )dtl dtn
t t>t,>..>t, >t

0

Consider the case that time order ¢ > ¢, > ... >t > ¢, doesn’t hold. We insert an operator 7" which
is the operation to keep the time order. Thus the upper bound of each integral can be changed to ¢
with a price of n! duplicate terms.

S (tty) = dtl dt T[Hyy (t))..Hy (t,,)] (88)

111t

That the time evolution operator S(¢, %) is the time-ordered exponential of H, (),

Definition 6.2.3

S(t,ty) =T exp (—i /t dt’H, . (t )> (89)

0
Note the Time-ordering operator behaves differently in Fermionic and Bosonic systems.

Corollary 6.2.3.1 In Bosonic system
T [0, (t1)0,(t5)---Onsyy| = Op, (tp,)Op, (tp,)--Op, (tm,) (90)
While Fermionic system there’s an extra sign

T|F (t) By (ts) ... Fygy | = (—1)F Fp (tp ) Fp, (tp,) - Fp, (tp, ) (91)

6.3 A Glimpse into Topology

6.3.1 Why is Landau Level State an Ideal Topological Flat Band?
Ref. 7247710

Definition 6.3.1 The Hamiltonian of a free electron in a magnetic field is

1

H=— ((5- A(r))z) V() (92)

where i = e = 1 and V(r) = V(r + R) is periodical.

This Hamiltonian doesn’t commute with the translation operator 7, while it commutes with a

magnetic translation operator ) (R)
M(R,r)=e “r"T(R) (93)

where { g (7) is defined as

A(r+ R)=A(r)+ Vig(r) (94)
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Check that!
[T(R),A%(r)] = A(r)T (R)A(r) — A% (r)T (R) + A(r + R) - A(r) = 2A(r) - A(r + R)95)

[M(R,7),p*| = e “r"pT(R) —p - (~VEg(r)e =T (R)) —p- (e7*="pT (R))

, | , (96)
= —iV*¢p(r)e “rNT(R) — (VEg(r)) e “~T(R)

[M(R,7),—p- A(r) — A(r) - p+ A%(r)]

= 4R [—p T(R)A(r) = T(R)A(r) - p + T (R)A*(r)]

_[_p - A(r)e %r(MT(R) — A(r) .p(e—iéa(r);r(R)> o)

+A2(r>e*i§R("')g’(R>]
= ¢4l [—p. A(r+ R) — Vég(r) - A(r)T (R) — A(r) - Vég(r)T (R)
—A(r+R)-p+2A(r) - A(r + R)]

The two terms cancel.

6.4 BCS theory Is Deep

6.4.1 BdG formalism

The BdG (Bogoliubov-de Genes) Hamiltonian can be derived from the negative U real space Hubbard
model

Definition 6.4.1 Attractive Hubbard model

H=-—t Z cjacjg — UZ CITCZ-TCLCH (98)
(ig),0 ¢

Using the mean field approxiamation introduced in Equation 47, we have the BdG Hamiltonian,

Definition 6.4.2 Define the order parameter A; = —U (c; iCiT>’ because Cooper pair of Fermions
condense at the ground state.

Thus,

to it
—U Z CipCipCyy €y = —U Z Cir€iy G Cig
7 7

Pt A, (59)
~ Z Acipey) + Afcyicip + Tl
which give the BAG Hamiltonian
i Pt A,
Hpyo = —t Z CigCjo T Z Ajepey + Afc e + i (100)
(ig),0 e

If the system is uniform where A, = A, the Hamiltonian will be diagonalized in Fourier space
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1 V. A » _
oo = 32—t P R S

(ij)o S pyq i Dq

A i(p+q)r; N LAP
+ﬁzze CpiCqr + Vs U

i Pq

A2

= —t Z (Z eik‘sr> c,igckg + Z(Ac,}c,ki + A*ckicfm) + NST
k

ko or

= ngclt:ack,a + Z(AC;LTC,]Q + A*ckicfkT) + NS|AUv|2
ko k

The kinetic energy can be rewritten as

Z fkcltacka = Z 3 (cl];ackcf - C—kﬂcika + 1)
k k

Definition 6.4.3 Nambu Spinor in k space

e (CCTZ)

Thus
& A AP
Hgy = w;ﬂ (Ak* —¢, Py + Ns7 + ;fk
The constant part ) . &k can be dropped.
Wirite the 2 x 2 matrix in the form of Pauli matrix
A2

Hpyq = ¢;Tc[5k7'3 + A7+ Ag]ty + N U

7= (1,7, T3) = ((2 (1)>’ (? Bi)’ (‘1) —01>)

The notation 7 is used to distinguish Pauli matrix in charge space from ¢ in spin space.

where

Thus

AP

H = Z¢L(Ek'?>¢k +Ns7

k

where

Ek = (Ah AQ: gk)

acts as a Weiss field B, = —h,,

26

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)



2025-11-16 — Many Body Theory

D Remark

The important thing is the Zeeman field here is momentum dependent.

Unlike normal metals, the Weiss field of superconductor remains finite at the Fermi energy, giving
rise to a gap in the excitation spectrum.

The energy gap is describe by the Weiss field, where

E, = ‘Bk‘ - \/|A1|2 + |A2|2 + & = quasi particle energy (109)

The gap is 2E),
This gap is caused by non-zero density of Cooper pair at the ground state.

The Weiss field can be decomposed into magnitude and direction parts.

ék = —Eyny,
(A G (110
k — Ek, Ek’ Ek
The direction can be described by the 6, angle,
cosl, = g; (111)

In the ground state the isospin is parallel to the field, which give the minimum energy of —B - 7.
<1/J,Tﬁ1/)k> = —n,;, = —(sin by, 0, cosb}) (112)

Here we choose the phase of A, letting A, =0

Thus we can represent all variables, with A and 6,,

§
(Ta1) = (ngy + 1y — 1) = —cos ), = _5,3:& (113)
et ___ A
(Ta) = (cipelay + cpyens) = NEEwS (114)

and (7,;) = 0 tells that <C,T€TCT_H> = <kaiCkT> = _% sin 6,

Thus the consistent equation tells that

U —1 T,
A =—Uleyen) =7 <Z e Pt Zcpicq¢> (115)
S p,q

In uniform case, A = — - Zi<cucn> =L > (Cric )

E]

Thus we have the self-consistent equation

Corollary 6.4.3.1 BCS gap equation at 7' = 0
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U d3k A
A= —/ (116)
Ns I3 |<w (27T)3 2\/ 5]3 + A2

6.4.2 BdG Equation in Continuum
Ref. Bogoliubov-de Gennes Method and Its Applications

The BdG approach relies on the assumption that there exist well-defined quasi-particles in SC.

D Remark

By Ref. BdG is correct in the weak-coupling regime, but also yiels qualitative results in strong-
coupling regime.

Definition 6.4.4 The attractive interaction Hamiltonian is
1
H = [ ol mho(ryba(r) = 5 [ drdr sl oyl Warr () (117

where h, (7) is the single particle Hamiltonian defined as

2V, +2A(r)]?

2m

ho(r) = — ep(r) + aupH(r) — p (118)

With the presence of vector potential, h, (r)* # h, (7)

Note that in SC state the Hatree-Fock channel mean field can be absorbed into the chemical potential,
we will only consider the particle-particle pairing channel which terms Bogoliubov-Hatree-Fock
mean field approxiamation. In case of s-wave superconductor, we only consider singlet-singlet pairing.

This gives the effective Hamiltonian

H= [ dral g, + [ [ arar (A )il e + e

(119)
//ddAArrn
Ve (r,77)
where
A(r, ') = —Vig(r — ") (4, ()i (7)) (120)
Definition 6.4.5 Bogoliubov canonical transformation is helpful.
1/10(7"> = Z [untf(r)’)/n — O-Una'fY;fz] (121)

n

where 7, is a Fermionic operator. In lattice system the scope of n is restricted by the lattice sites,
while in continuum, n can reach infinity as a field operator.

Suppose the Hamiltonian is diagonalized on the v,, basis,
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Heff = EO + Z En’}/IL’)/n (122)

Thus we have,

[7;27 Heff] = _Enr)/:[b (123)
[’7117 Heff] = En’}/n

These are the equations of motion (EOM) for ~,,, compared with the EOM of field operators ¢ (r), we
have equations for u,, and v,,.

hy(r)uf (r) + /dr’A(r,r’)v?(r’) = E,uf(r)

hy(r)u} (r) + /dr’A(r,r’)v?(r/) = E,u}(r)
(124)
/dr’A* (r,r")ul' (r') — Ri(r)vt (r) = E v} (r)

/dr/A*(r, r’)u?(r/) — hj(r)vf(r) = E, v (r)

Problem. The h* here is a little bit weird.
The 4 equations can be block diagonalized to 2 sets of 2 equations, since only uf(r) and v} (r’) are

coupled, so are u'(r’) and v (7).

D Remark

This is such a messy formalism! I would stop here.

6.4.3 Non-uniform BCS theory

6.4.3.1 Anderson Theorem
Ref. KEHZEID

6.4.3.2 Non-uniform BdG
Ref. KEHZEID

When system is non-uniform E.g. disorder and boundary condition kicks in.

Introduce Nambu Spinor with 2N, components

é= (CIT,CQT,...,CNST,CL,C;w...,C;rvsl) (125)
Thus Hy, can be written as
2
Hpgo = ¢THE+ ) 127 (126)
— U
Where
= (o AA (127)

Ais N, . X NN, diagonal matrix for order parameter, and H,, is the tight-binding matrix.
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Definition 6.4.6 The impurity Hamiltonian

H = Z M‘Szg ioCjo T Z Alcncw +H.c. + Z (e; + Jo)clgcla (128)

where €; and J are the strength of non-magnetic and ferromagnetic impurity scattering.
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2025-11-16

Supernematic

Studying Dan Mao’s paper: https://arxiv.org/abs/2511.10642
@OS0O

Supernematic © 2025 by Xuanzhe Xia is licensed under CC BY-NC-SA 4.0.

7.1 Preface

I think the math inside is exciting and the states look like the frustrated hopping ground state that
I have learnt from Congjun’s papers, where the p-orbital ground state of hubbard model at % filling,
gives exact solvable Wigner crystal state, with a certain “chirality”.

However, I believe Congjun’s state never breaks rotational symmetry.

7.2 Questions

Instead of following the paper line by line, I will first list some questions that I have in mind when
reading the paper.

1. Big Question: Is the rotation symmetry spontaneously broken? If so, what’s the order parameter?
What’s the Goldstone mode?

2. How is “cluster-charge” Hamiltonian motivated from the underlying physics? What are the key
physical insights that lead to this Hamiltonian?
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2025-04-14

SCFQFT

Self-Consistent Quantum Field Theory notes. Ref Haussmann 2003.
Thanks Jiaxin and Yutai for discussion and guidance.

@O0
SCFQFT © 2025 by Xuanzhe Xia is licensed under CC BY-NC-SA 4.0.

8.1 SCF equations

Anomalous Green’s function

o o 50102G<T,T> 60102F(r77)
(Gallazz) = (_5 F*(—r,7) —§ G(—r, _7_)) (129)

0102 0102

The spin index 0, 05 can be omitted, since the 2 X 2 spin sector can be always block diagonalized.

G(r,7 F(r, 7
(Galaz(r’T)) = (F*((_r73') —G<(—7‘, )_7-)> <130>

Dyson equation
G;11a2 (kvwn) = _ihwn5a1a2 + (gk - /‘L>ryozloz2 - EOLIOLQ (k’ wn) (131)

where

() = (5 ) (132)

With ladder approximation, the self energy equation is
Y0, (1 T) = ¥l L a(mns(r) + G, o (=7, —T)T, . (7, 7T) (133)

Qi Qa0 Qi

Do Fourier
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Zalaz <k7 wn) =

/ d*rdrexp(—ikr + iw,7) (5L, 0(7)8(7) + Gy g, (=7, —T)T, 4, (7, 7))

- Zé‘loCQ +

3
/d3rd7'exp(—ik’r+iwn7)/ d'k, 1

@) B Zexp ik —iw,T)G,  (Ky,w))

/<d ky 1 Zexp ikyr —iwiT)T, o (KgyW7) (134)

= Zoya, T
[ 7 2 O a0, = =)o (i o (2
d3k
_ y1 1 1
- Za1a2 +/ (271_)35;6{12041 (k17wn) o (k klv wn)
where
. B 0 VE(r=0,7=0)
Z]alaQ (kvwn) - (VF*<T — 0,7_ — O) 0 (135)

The non-diagonal part is actually the order parameter in standard BCS. This may be our starting point?

0 A
1T
Eozloz2 - (A* 0) (136)
The Bethe-Salpeter equation
[ (K, Q,)=T"1 + M,

ooy gy a0y (K7Qn) (137)
where

ddk: 1 1 m (138)
| oy (2r IBZGW( K=k )Ga1a2<zK+’“’“">‘W5“1“2]

is the regularized pair propagator. Note here the K is the total momentum of the pair, and €2,, is the

_ 2mn

B
Denote K = (K sin© cos @, K sin O sin ®, K cos ©), k = (ksin f cos @, ksin §sin ¢, k cos #), then

Bosonic Matsubara frequency, 2, = corresponding to the total energy of the pair.

K 1
‘ k‘—\/4K2+k2j:K-k
(139)

1
= \/4[(2 + k? + KE(sin © sin 0 cos(® — ¢) + cos © cos §)

Decompose Equation 138 into spherical coordinates, we get
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M, . (K,Q,)=

G Qi

/OA K2 (2(1:)3 /0” sin ¢ d¢ /027r degl...] (140)

In numerics we need to substitute all dk, df, dy into Ak, Af, Ap

':-] Remark
Q —w

n
reading from the pre-computed Green function mesh.

m = %(271 —(2m + 1)) could be < 0. I would choose to calculate it manually instead of

in real Space

My, (r,7) = [Go o, (r,7)] = €8, 0, 8(r)13(7) (141)

Qi Qg

where c is defined as a constant with ultraviolet momentum cutoff A — oc.

Qd 12 Ad_2
(2m)d n2d — 2
o

I(

(142)

2

Qd:

[]fSW

)

c goes to infinity when d > 2, A — oo.

C] Remark

This UV divergence only occur in continuous system. In lattice model, the momentum cutoff is

naturally chosen as A = 27
a

If we want to compare with results on the Tianyuan Quantum Simulator, what is the suitable model
to use?

Arguably I think continuous model might be better, since the spacing of cold atoms are not as uniform
as in the real material.

8.1.1 necessary explanation for SCF equations

The Bethe-Salpeter Equation 137 is introduced since we need to describe the two particle correlations.

Gixryy = X Y X>< Y X><Y
X’ Y’ X’ Y’ X’ Y’

The third term contains a vertex, we define the vertex as —I7¢/
The node is painted black, meaning it is resummed by irreducible vertex functions.

If we introduce the pair propagator
Xxx' vy = £Gxy Gxry (143)

which is exactly the second column diagram.
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The vertex function can be obtained by

=1 —LxI’ (144)
where I is the irreducible vertex function. or equivalently

=0t +x (145)
This is the Bethe-Salpeter equation.
An approximation we made here is to substitute the irreducible vertex function with

L= =s+t+u (146)

where s, t, u are the s,t,u channels at tree level.
We will see that Equation 146 leads to a ladder approximation.

The matrix form of pair propagator is
Xaja,ayay = _Ga1a2/ (ry =79, 7 — 7'2)Ga2a1,(7°2 —T Ty —T) (147)

Because of the localization nature of the vertex function, we treat it in the K space, where I} (K, Q,,) =
I}, is a constant.

Thus
r'(K,Q,) =T"+x(K,Q,) (148)

D Remark

These equations include space-time non-homogenous parameters, the number of parameters
depends on the discretization of space-time.

D Remark

The question is, it will be more clear to discretize in k£ and w,, space, more problematic in real space?

8.1.2 mean-field Green’s function

Take the weak coupling limit, a — 0~. Because T~ = ﬁ, in our unit, 77! = 87:’EF kp, the
leading order of Bethe-Salpeter Equation 137 is
Amh?
Loy, (K. 9) = =25, (149)
1542 m 122

Fourier transform the self-energy Equation 133, we get
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d
1
/ d k Zexp (kr —w,7))2q o, (k,w),)

d
_/ ;iwkdézexp (kr —w, 7)) 24, o, (ks w, )10 (r)8(7)

dk d ky 1
+/ ( 1 2 F eXp kl + k‘2)7“) - <_wn + wm)T>Ga1a2(klvwn)ralo¢2<k27wr(i50)

d
_/ ;iﬂkd;z:exp (kr — w, )B4, o, (k,w, )E(r)5(T)

+ [ o 52 el ()7 (1 90 T 0, D))

Thus (because of the orthogonality of the basis functions)
g (kv wn) =

! ay (kW )6(1)S(T) + G, o, (=K, —w,, )Ty, 4, 0(7)0(T) (151)
The Fourier transform of self-energy is non-zero only when r = 0 and 7 = 0.
The 7 = 0, 7 = 0~ component of the normal green function GG can be obtained by
p=—"2Gr=0,7=07) (152)

Thus

2mh?
—2n? A
<Za1a2(k7wn)) = ( " "rtE 2mh2 ) (153>

* ™h
A TnFa’F

Insert this into the Dyson Equation 131, we get

G (k) = —ifw,, + (g — 1) + 20 pa g —A (154)
e " —Ar —ilw,, — (e — p) — 27;?2 nNpap

By Fourier transform of Equation 130, we get

G(k,w,) F(k,w,)

Goenbin) = (o “20) k) (155)

D Remark

There is a deduction gap in the inversion procedure. Solve it or ask!

You are believed to reproduce this (with a Bogoliubov transformation of the Nambu spinor I think)

Gk, w,) = uj - v (156)
T —ihw, + By —p ihw,, + By —
And the anomalous Green’s function
Pk, w,) = — gy |~ TR (157)
|A —ihw, + B, —p - ihw, + £, —
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where

Ey = \/(gk —M)2 +]A[?
27h2

Ep =€+ 5, Npap

T 158
up = (14 ) (158)
g =4(1- )
Scale the equation of €, with respect to € and k.
€ 41
Sk Zk g 2 (159)

Ep Ep 3mv

Corollary 8.1.0.1 Equation 156 Equation 157 are mean-field Green’s function and anomalous
Green’s function, at weak coupling limit.

8.1.3 Scale invariance

The SCF equations Equation 131 Equation 133 Equation 137 Equation 138 have 3 parameters, temper-
ature [ (hidden in Matsubara summation), the Fermion density n . (hidden in the chemical potential
p in Dyson Equation 131), the coupling strength az! in Bethe-Salpeter Equation 137.

Because the quadratic energy dispersion (k) = % and the contact potential (in the context of
discrete lattice model, i.e. Hubbard model), the interaction term doesn’t depend on relative distance,

the SCF equations are scale invariant.

k hw
_ —1 n
Ga1a2 <k7wn> =E€F ga1a2 (kF’ £p ) (16(])
Yoy, (157) = k%s%aal% (k;Fr, E;j) (161)

The %, ,_(k,w,) is of the dimension of energy, transform to real space and imaginary time gives

. . 3
dimension of k7c

_ EpT
Mal%(r, T) = 5F2ma1a2 (l-cFr, ;) (162)
_ K 7Q
Fa1a2 (K, Qn) = kF3€F7a1a2 (k’ n) (163)
F EF
Thus we can define dimensionless parameters for SCF equations
Definition 8.1.1 Define dimensionless temperature as
1
0= — 164
Pep (164)
Define dimensionless coupling strength as
1
= 165
U= fan (165)
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Symbols of temperature and the renormalized interaction strength are abused in the book. From now
on I will only use § to represent the temperature.

D Remark

However, our SCF equations are derived in the dilute limit where kpr, — 0. As the k7, reaches 1
or be much larger than 1, the Pauli blocking will be extremely relevant.

Tuning the coupling strength, we can see the BCS-BEC crossover.

D Remark

Assumptions used in SCF equations
+ In Equation 146, the irreducible vertex function I is replaced by the bare interaction vertex Ij,

+ The interaction is assumed local in botsh real space and imaginary time.

These assumptions lead to a ladder approximation.

cQ
B o
(a) — R + D (i
i=1 12---1 12---1

(b)

—_
P)

~

N/
Il
Il

Figure 1: Ladder approximation

In Figure 1 (a) direct and interchange lattice diagrams are considered

D Remark

Why don’t we have diagrams including multiple interchange vertex?

I think maybe it’s because two u channel interaction may go back to the ordinary ladder diagram.
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8.1.4 SCF procedure

To study the BCS-BEC crossover region, neither the weak coupling limit nor the strong coupling limit
is valid.

We start with inserting the mean-field Green’s function Equation 156 Equation 157 into the pair

propagator Equation 138, we get (All in the £, w,, space)

D Remark

We used bare vertex to substitute the irreducible vertex. Does it mean the Green function can be

also treated freely with this order of approximation?

According to the book, I think the answer is probably NO.

8.1.4.1 Note on Fourier transform

We use the convention

Definition 8.1.2

d?k
Gosen'7) = |

™| =

Zexp(i(kzr = w,7))Gy, o, (k,w),) (166)
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